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Abstract 
According to the experimental observation made by Phillips and Lee in 1979, the direction of the movement of the yield surface 
centre occurs between the stress rate tensor and the plastic strain rate tensor. When the plastic strains dominate the global 
behavior of the structure in question, the effect of the plastic flow rule can be unwitting overlooked. However, the application of 
more advanced engineering materials, e.g. high strength steel etc., is increasing and the ambiguity of plastic flow can not be 
ignored. Take the high strength steel of 420 Mpa as an example, a detailed comparative discussion of a coupled nonlinear 
kinematic hardening model is presented to account for such an experimental observation. A better prediction for the kinematic 
hardening behavior can be expected by adding a new term originally proposed by Frederick and Armstrong in 1996. In this work, 
the advantages as well as the accuracy for the coupled nonlinear constitutive model is discussed. 
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1. Introduction 
The theory of plasticity has been used extensively for describing the permanent deformation of solids, especially 
in engineering material, e.g. steel, aluminum, timber, concrete etc. Since Prager [1] proposed the original approach 
to describe working-hardening plastic solids in 1956 and Ziegler [2] proposed an updated version, the theory of 
plasticity for the kinematic hardening behavior has already achieved great success with the aid of advances in digital 
computational capabilities. However, there are still some hiden restrictions imposed by the underlying assumptions 
of plastic flow are subtle and can be unwittingly ignored. When the whole structure in question is dominated by the 
plastic strain, the subtle restrictions or limitation associated with the underlying assumptions can be overlooked 
reasonably. However, as more and more new engineering materials, e.g. high strength steel, are being applied in 
structures in the world, traditional constitutive models without considering more accurate plastic flow direction may 
not be capable of giving satisfatory results any more. To obtain a better agreement with experimental results, more 
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and more delicate and sophisticated approaches are being developed. For simple circumstances, the widely used 
models of isotropic and kinematic hardening materials can satisfy the accuracy requirement and are straightforward 
to allow analytical solution. As shown in Fig.1, the classical plastic flow rules including isotropic hardening rule and 
kinematic hardening rule are depicted respectively. Besides, the stress-strain curve for uniaxial loading case is 
illustrated in Fig.2. 
(a) Isotropic Hardening (the shape reserves and the size changes)     (b) Kinematic Hardening (both shape and size reserve) 
Fig. 1. Classical plastic flow rules 
In Prager model, the yield surface is assumed to translate in its outward normal direction while Ziegler model 
proposes that the yield surface should translate along the vector joining the stress point to the centre of the yield 
surface. Both of them describe a linear relation between the plastic strain vector and the plastic strain rate tensor. 
Nevertheless, for complex loading histories, the two models above seem to be not satisfied enough for lacking of 
careful considerations. Mroz [3] builds up a new rule different from Prager and Ziegler by introducing a number of 
surfaces in the stress space which can deform, consecutive contact and push over each other without any intersection. 
The revolutionary model gives good agreements with experimental observations, but due to the need for complex 
computational program, the Mroz’s model is modified by Dafalias and Popov [4]. In Dafalias and Popov model, all 
the surfaces are replaced by an inner yield surface and an outer bounding surface while the motion of the two 
surfaces are governed by the kinematic hardening rule of Mroz. Instead of the bounding surface, Tseng and Lee [5] 
recommend that a memory surface expands isotropically in the stress space and passes through the maximum stress 
state which the material has experienced so that the influence of the previous loading history can be characterized by 
initial locations and sizes of yield and memory surfaces. Moreover, it is easier to use the memory surface than the 
bounding surface since there is no coupled motion for the yield surface and the memory surface. However, this 
model does do well in predicting some of the experiments in which the outer “limits” are shifted toward the tensile 
stress direction. Voyiadjis and Kattan [6] set up a model showing that the model introduced by Tseng and Lee is 
only a special case of their model in the Eulerian reference system. A new kinematic hardening rule is proposed to 
consider the minimum distance between the yield surface and the bounding surface as a key parameter. In addition, 
this model predicts a curved path for the motion of the yield surface which seems more reasonable than the straight 
line assumed by the Tseng and Lee model. 
Fig. 2. Stress-strain Curve for Uniaxial Loading 
The model proposed by Armstrong and Frederick simulates the multiaxial Bauschinger effect. This model is 
based on the assumption that the most recent part of the strain history of a material dictates the mechanical 
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behaviour. Although it is more complex than Prager and Ziegler’s model, better correlations with experiments can 
be obtained by applying a relatively simpler and more explicit computer programs.  The kinematic hardening rule is 
represented by: 
1 22 3
p
ij ij ijC C pD H D      (1) 
where p  is the accumulated plastic strain rate that is given by as 2 3p pij ijp H H   .
Wang and Ohno [7] propose a new model considering the effect of temperature rate and reliable translation on 
two forms of non-linear kinematic hardening, multisurface and multicomponent based on the non-linear kinematic 
hardening rule of Armstrong and Frederick. This model finds that the omission of the two terms mentioned above 
might lead to unstable deformation and it could predict much lesser accumulation of uniaxial and multiaxial 
ratcheting than the model of Armstrong and Frederick. The model proposed in this paper is based on the model put 
forward by Armstrong and Frederick. 
2. Theoretical Formulation 
2.1. Yield surface 
The yield surface is expressed in terms of deviatoric stress and corresponding back stress, whereas the hydrostatic 
stress has no effect on the plastic deformation in metals. A von Mises type surface is given as: 
  ' '2 0ij ij ij ij yf RV D V D V       (2) 
where 'ijV  is the deviatoric part of stress tensor ı , ijD  is the tensor identifying the centre of the yield surface. 
yV is the initial yield point and R  is the isotropic hardening variable. 
2.2. Flow rule 
The total strain can be divided into two parts, such as: 
e p
ij ij ijH H H     (3) 
Thus 
 ' e pij ijkl kl ijkl kl klE EV H H H     (4) 
In Eq. (3), eijH  and 
p
ijH represent the rate of elastic and plastic components of the total strain tensor. We also 
assume small elastic strain. We get easy approach to the elastic strain rate while we turn to flow equations for the 
plastic strain rate, such as: 
p
ij ijfH O V w w  (5) 
where O  is a scalar factor of proportionality. In the case of associated flow, the equation above shows that the 
plastic flow develops along the normal to the yield surface. 
2.3. Hardening rule 
From Chaboche [8], the isotropic hardening equation can be given as: 
 R b Q R p    (6) 
where Q  and q  are given as   20 qM MQ Q Q Q e P    and ' 2ijq H   respectively. 
In such a constitutive model, the evolution of the backstress is defined as: 
'2 3ij ij ij ijc pD H JD EV      (7) 
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where the coefficients c  , J and E  will be discussed later in this work. 
2.4. Constitutive model 
From consistency condition and the equation of yield surface, we can get: 
'
' 0ij ij
ij ij
f f ff R
R
V D
V D
w w w    
w w w
   (8) 
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 (9a) 
    ' ' '2 3ij ij ij ij ij ij
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1f
R
w  
w
 (9c) 
From Eq. (1) and Eq. (5), we obtain: 
22 3
3
p p
ij ij
ij ij
f fp H H O
V V
w w  
w w
   (10) 
By substituting Eq. (9) into Eq. (8), we get: 
 '' 0ij ij
ij
f RV D
V
w    
w
  (11) 
Then substitute Eq. (4), Eq. (5), Eq. (6) and Eq. (7) into Eq. (11), we obtain: 
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In order to simplify the form of Eq. (12), let’s assume that ' '
ij ij
f fN
V V
w w 
w w
, thus we can get: 
     ' ' ' '
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Let denote M  as follow: 
   ' ' '
2 2 21
3 3 3ijkl ijij kl ij
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Then 
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By substituting Eq. (15) in Eq. (4), we obtain: 
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ij klkl
f f fE E E E MV H O H E H
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Let’s assume D  is evaluated as follow: 
  ' '1ijkl ijkl ijkl ijkl kl
ij kl
f fD E E E MH E
V V
w w  
w w
  (17)  
Then we can obtain the equation as: 
'
ij ijkl ijDV H   (18)  
As long as we find the expression of elasto-plastic stiffness tensor D , the computer program can be developed 
with incremental theory. The material response for a given loading or deformation is then obtained by integrating 
incremental relations. Moreover the stress-strain curve for different types of loading can also be plotted. 
3. Identification Procedure 
3.1. About the new term E  
From Eq. (7), there is a new term E  added to the evolution of the backstress of Armstrong and Frederick. This 
new term is because of experimental observation made by Phillips and Lee [9] which showed that the motion of the 
centre of yield surface in the stress space is directed between the gradient to the surface at stress point and the stress 
rate direction at that point (Fig.3). As a result, the evolutionary equation of backstress is modified by the new term 
E , along with c  and J , which are material constants calibrated by available experimental data. 
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Fig. 3. The Motion of  the Yield Surface 
3.2. Identification of backstress evolution equation constants 
For identification of the backstress, experimental results might be significantly important. If limited test data is 
available c , J  and E  can be based on stress-strain data obtained from half cycle of uniaxial tension or 
compression experiments. Furthermore, the least-squares error approach will be applied to calculate coefficients c ,
J  and E  so that the sum of squares of the vertical differences between the curve based on finite set of points in 
experiments and the various data points is minimized. More details can refer to Araujo [10]. 
On the other hand, we can obtain c  , J  and E  by means of a system of three linear equations. Three 
experiments should be set for three sets of equations from which coefficients can be decided. Subsequently, each 
calculated set of constants will be used to predict the backstress values, and the set which catches the most 
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approximate result will be chosen as constant values of proposed model. The trial and error method is always 
applied for the material parameters with satisfying result. 
4. Application in High Strength Steel 
High strength steels are being more and more popular in structural engineering due to recent advance in material 
industry. Take Q420 steel with nominal yield strength of 420 Mpa as the benchmark for discussion.  
M
Pa
M
Pa
(a) 420 Mpa high strength steel                (b) 690 Mpa high strength steel 
Fig. 4. The multi-line kinematic hardening constitutive models for high strength steel. 
The constitutive model for high strength steel is practically multi-line kinematic hardening model as depicted in 
Fig.4. However, according to the experimental data obtained by Tsinghua Key Laboratory of Civil Engineering 
Safety and Duality of China Education Ministry (Fig.5 and Fig.6), only the parameters listed in Table.1 are not 
sufficient in accruate structural behavior predicting. According to the detailed discussion by Phillips and Lee from 
Yale University, the underlying imperfection of the multi-line kinematic hardening model should be the ambiguity 
in plastic flow.  
Table 1. The parameters of multi-line kinematic hardening model with respect to steel strength grades. 
Steel Strength Grade fy/MPa fu/MPa İye İu
Q420 504 604 0.012 0.17
Q460 552 660 0.010 0.15
Q690 764 852 0.009 0.09
As shown in Fig.7, the coupled nonlinear kinematic hardening model gives a better prediction compare with the 
multi-line kinematic hardening model depicted in Fig.4. At the elastic stage, all the three models are almost the same 
and the behavior of the material matches with the constitutive model. However, in the plastic stage, the constitutive 
models play an more important role in the structural reaction prediction. 
Fig. 5. The size symbols of the experimental specimen as well as the detailed sizes.. 
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Fig. 6. The Experimental observations of Tsinghua Key Laboratory of Civil Engineering Safety and Duality of China Education Ministry. 
Though the multi-line kinematic hardening model is easy to be implemented, it still has some problem in the 
accuracy. The yield strength predicted by the multi-line kinematic model is higher than the experimental result. This 
may cause unsafe decision during the structural design. From the view of numerical simulation, after the yielding 
point, the multi-line kinematic hardening model reaches the plateau which will cause some numerical difficulties, 
e.g. singularity etc. in forming stiffness matrix. 
The presented coupled nonlinear kinematic constitutive model with the E  term predicts a better strain-stress 
relation of high strength steel. As can be seen in Fig.7 and Fig.8, the coupled nonlinear kinematic hardening model 
presents a perfect trend with the experiment. 
Fig. 7. The effect of the £ term in the coupled nonlinear kinematic hardening constitutive model 
Fig. 8. Comparison of results between different constitutive models under Uniaxial Loading 
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Based on the experimental research on Q420 high strength steel, the traditional multi-line kinematic hardening 
model is not sufficient for accurate simulation. By adding a new E  term as presented in Eq. (7), a better prediction 
for the kinematic hardening behavior of high strength steel is achieved sucessfully. As proposed by Frederick and 
Armstrong in 1996, the added new term can account for the relation of yield surface translation. The result shows 
that the proposed coupled kinematic hardening model is more accurate and physically reasonable for further 
application. 
5. Conclusions 
According to the experiments made by Phillips and Lee in 1979, the possible motion of yield surface is not only 
related with the direction of dı  but also the direction of plastic strain increment vector pdH . When the dominating 
part of the structure is plastic, t the motion of yield surface can be easily ignored. In more advanced materials, e.g. 
high strength steel, this experimental truth may play a more significant role and more accurate constitutive model is 
needed. In To account for this observation, a new term ijEV  is added to the model based on Armstrong and 
Frederick. As a result, the nonlinear hardening rule proposed to establish a coupled kinematic hardening model 
presents a better prediction of the motion of yield surface and the strength of the material. Two means to obtain the 
key parameters of metal materials such as c , J  and E  are represented simutaneously. More simulated cases 
including uniaxial and cyclic loading using the proposed model should be demonstrated in future work. 
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